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0.3682° +0.4782+0.154

(z-1)7

1) Obtain the inverse ztransform of X (z)=
Using inversion integral method

Solution:

X(z) = 0, 3682 4+ 0. #?Em + 0,154
(z - l]z

X(a)a"L = (023682 + 0.478s : 0.15)2*™*
(z - 1)=

For k = 0y 2
I(Z}Zk-l - 0.3685 + ﬂ.#?ﬂz 4= D|l5u

(z - 1]53
2
x(0) = [resiﬂu& of 0.368z + 0'4?853+ 0.1 at triple pole 2 = 0
(2 - 1)z
2
+ | residue of 0.3682" + D.4?853+ 0.1% at pole 2 =1
(z - 1)z
2in dE 0.3682° + 0.4782 + 0.154
E3'lj 20 dz° a-1

3

&

. 1in [ 0.3682° + 0.4782 + 0.1 :l Ceieo

% -1

For k = 11 - 0.368 2 + 0.4788 + 0.15%
K{Z}Z = . = ( . ; g .
g - 1)
2
x(1) = 1 ¥, limﬂ E%'[ 0.368= +ZG:hiBz + 0.154 ]
E : A"

2
+ lim { 0.368z" + D.;?Ez + 0.154 ] = —0.632 + 1 = 0.368

5 =1 z

For k = 2:

2
I(Z)Zk-l - {}-1655 EZD:J'PE?; + 0-15‘]‘



3{2} = 1lim [ 0-3'6552 + G.#?Bz + ﬂ.]_.ﬂ_]

z »0 z-1

2
- lml[ﬂ.%ﬂz + {}:I-?Bz + 0.15% ] -0.154 + 1 = 0.846
E ==

For k=3, &, 5, «u.t
2 k-3
x(z)zk-l _ (0.368z" + 0.478z + 0.1%4)z

g -1

x(k) = 1lim [{D.j&ﬁzz + 0.4782 + ﬂ.lﬁﬁ}zk'j] =1

z =1

In summary, we have

x(0) =
x(1) = 0.368
x(2) = 0.846

x(k) =1 for k=13,4, 5, ...

2) Consider the difference equation in a closed form.:

X(k+2)-1.3679x(k+1)+0.3679x(k) = 0.3679u(k + 1)+ 0.2642u(k)
Where x(k)=0 for k<0
The input function u(k) is given by:

u(k)=0 k<0
u(0)=1.5820
u(1)=-0.5820

u(k)=0, k=2,3,4,-

Determine the output x(k)

Solution:



x(k +2) - 1.3679x(k + 1) + 0.3679x(k) = 0.367%u(k + 1) + 0.2642u(k)
The z transform of this equation is
22X(z) - 22%(0) - zx(1) - 1.3679 [2x(2) - 2x(0)] + 0.3679%(2)
= 0.3679 [2U(a) - zu(0)] + 0.2642 U(z)
Noting that x(0) = 0 and x(1) = 0.5820, we have
(2° - 1.36792 + 0.3679)X(z) = (0.3679z + 0.2642)U(z)

or
x§zi _ 0.36792"1 + 0,262
Uiz 1~ 1.3&?92-1 + 0.36?95-2
Since
u(z) = 1.5820 - 0.5820z -
we have -1 _2 -3
x(z) = 0.5820z ~ + 0.2038s ~ - 0.1538=
1 - 136792 + 0.3679z
= E.EEZEzﬁl + z'z +2 34
Hence
x(0) =0
x(1) = 0.5820

x(k) = 1 for k=2, 3,54, ...

Kk

3) Obtain the inverse ztransform of X (s)= W

a) Using the residue method
b) Using the method based on impulse response function

Solution:



1. Residue method:

X(z) = l:residue of L8184 pole s = a:I

Ts
_ b}

s I:(E' + a) (= + a)%s + b) . _ZETs :I

1]

+ [residm of —-J—{-(F-E%-E— at pole s
z - e

s »--a
" K 1
+ lim (s + b) :I
5+—b[ (s+a)(s+bv) _ _Ts
_ E Z + K 2
T b-a -aT a-b -bT
Z - ¢ - €

___ K ( 1 ~ 1 )
b-a 1 - o 2T, -1 1 - e 9L, -1

2. Method based on impulse response function:

x(t) = g (7 - &™)

Hence

_ K 1 _ 1
X(s) = b-a ( 1 a'a’Tz-l 1 a-wz-l )
\ - -

4) Obtain the close loop pulse transfer function of the system shown below:

K C(s)
s+a

Zero-Order Hold P

=1

G(z)

3o )0 3l

K 1-e2Mel _ x (1-e®)2?
a 7 - e-aTz-l a 4 —az-l

CEZE _ sz% _ (1 - e_a}z'_]'
Riz 1+Gz a"[K-(K""a}E-a]zkl

(T=1)

Then




5) Determine the stability of the following discrete-time system using Jury stability
criterion.

Y(2) z°

X(z) 1405z =134z +0.242

Solution:
Ysz; - 1
Xz
22 + 0.52% - 1,3z + 0.24
Define
P(z) = 2 + D.j@z - 1.3z + 0.24
= zj + 22 + +
=a, 3, a s a.3
Then
an =1
al = '01-5'
vﬂ.IE = - 1#3‘“‘
aq = 0.24
The Jury stability conditions are
1 [a] <3
This condltlon 1s satisfled.
2. P(1)>o0
Since

P(1) =1+ 0.5- 1.3+ 0.24 = 0.4 >0
the condition is satisfied.
3. P(-1)<0
Since
P(-1) = -1 + 0.5+ 1.3 + 0.24 = 1.08 > 0
the condition is not satlsfled.
O LA LY

Since condition (3) is not satisfied (the system is unstable), it is
not necessary to test condition (4).

The conclusion is that the system 1s unstable.



Laplace Transform Pairs for Bilateral

Transform pair Signal Transform ROC
1 s(t) 1 All's
2 u(t) 1 Re(s) >0
S
3 —u(-t) 1 Re(s) <0
S
4 n-1 1 Re(s)>0
) - ©
(n—1) s
5 n-1 1 Re(s) <0
I ©
(n—1) s
6 e u(t) 1 Re(s) >-a
s+a
7 e atu(_t) 1 Re(s)<—a
s+a
8 n-1 1 Re(s) >-a
" “u(t) : e(s)
(n—1) (s+a)
9 n-1 1 Re(s)<-a
gy n °
(n-1) (s+a)
10 S(t-T) e All's
11 [cos Wot]u(t) S Re(s)>0
s +W,
12 [sin w,t Ju(t) W, Re(s) >0
S +W,
13 le® coswtlut) s+a Re(s) > -a
(s+a) +w
14 le® sinwtlut) W, Re(s) >-a
(s+a)’ +w]
15 n n All
u ()= d"o(t) ) S
dt"
16 u_ (t)=uc)*---*ut) | 1 Re(s) >0




Laplace Transform Property for Bilateral

Property Signal Laplace Transform ROC
X0, %0, %0 | X(9, X,(9, X,(5) | R,R,R,
Linearity ax; (t) +bx, (t) aX,(S)+bX,(S) RNR,
Time Shifting X(t-t,) e X(S) R
Shift in the s-Domain | e%'x(t) X(s-s) R
Time Scaling x(at) 1 X( E) Scaled ROC
4%
Conjugation X' (t) X'(S") R
Convolution X (1) * %, (1) X, (9)X,(s) Atleast R "R,
Differentiation in the w SX(S) Atleast R
time-Domain dt
Differentiation in the | —tX(t) m R
s-Domain ds
— .
T e | [x(odz LX) R Re(s) > 0}

—oo

Initial value theorem

X(0") = lim SX(S)

Final value theorem

lim x(t) = lim SX(S)

Laplace Transform Property for Unilateral

Property Signal Laplace Transform

X(t), % (1), X, (t) X(8), x1(5), £, (9)
Linearity ax; (t) +bx, (t) ay,(S)+by,(S)
Shift in the s-Domain | e'x(t) x(s—s)
Time Scalin X(at 1 s

g (at) 13
4" a

Conjugation X' (t) 7' (9
Convolution X (1) * X, (1) X1(97,(9)
Differentiation in the | dx(t) Sy(S)—x(07)
time-Domain dt

d’x(t) S 7(S)-sx(07)—x'(07)

dt’

Differentiation in the | —tx(t) dy(S)
s-Domain ds
Integration in the t 1
Time Domain _[ X(r)dz EZ (S)
Initial value theorem X(0%) = lim Sy(S)
Final value theorem lim X(t) = lim Sy(S)

t—eo s—0




Table of z transforms 1

X(s) (1) x(kT) or x(k) X(z)
Kronecker delta f{k)
— — 1, k=0 i
0, k=#0
&i(n = k)
—_— — 1, n=k =k
0, n+*k
: i(s) (k) 1
s 1-2z
1 e — 1
fta s
1 Tz
E: I kT [1_—_:'!?1?
2 t Tzl +27Y
. a (kT) Ay

5 : 8 (kT s "((11 +- 4:_‘1']4+ z %
e 1-e™ Lot a —[:-T;-[i_.-r):;;r*j .
[eFaeTm| et | e T e
fl_j;F e kTe=T T-e Ty TE;.—:i:I—J.}I

5 1—(1+aTl)e™"z!

Grap | A-aeT (1 = akT)e™* -e )




Table of z transforms 2

Xis) (1) x(kT) or x(k) X(z)
2 - 3 e ™1 + e T2 "z
) Grer |7 ey Ty
& N . _ e [(@l -1+ )+ (1 - e —gle ™)z "]z
13. ;:m at—1+e¢ akT =1+ ¢ A= 7 =z
b _ . £ sinwT
14. P el sin kT 1-2:"coswl + ¢
5 1 -z coswT
15. = Jrapn CO8 el cos wkT T =5 cosaT + 277
i I ~okT o1 Tz sinwl
S lGTayTe| ¢ sne | T dnukT T= 277 cosul + 2777
s+ a ar kT 1-e""2" coswT
17. Grars €7 cos at £ oo wkT T2 "1 omaT + 55
1
18, a T
19, B .
k=1,2,3... 1-azr
20, ka* =1 i
(1—az™)
21, kgt Ftra)
- azy
E-1 271 + daz™ + @ 27Y)
22, ka 1-az 'y
”, e 271 4 1az7 + 11a* 27 + o277
[-1 —_ u—l}i
i
24, a* coskw mzf[
kilk=1 zt
. 1] TR
:115. k(k = 1)k —m+2) =
(m — 1! -z
kik = 1) ;4 r?
7. T A-az 7
K(k =1)(k—m+2) , 2~
28. (m = 1) a T-a




Property table:

x(t) or x(k) Zx()] or Z[x(k)]
1. ax(r) aX(z)
2. ax, () + bra(f) aXy(z) + bX:(z)
I x4+ Ty or x(k+1) zX(z) = zx(0)
4. x(¢ + 27) 22 X(z) - 22x(0) ~ zx(T)
5. z(k + 2) 2 X(z) — 2 x(0) — zx(1)
6. x(t + kT) #X(z) = 2*x(0) - (1) - - — (kT = T)
7. x(t = kT) 2% X(z)
8. x(n + k) 2 X(z) = 2 x(0) = 2 e (1) = -0 = zx(k - 1)
g, x(n — k) " X(2)
10, (1) —'k%l'(ﬂ
11, ke (K) 2 X(@)
12, e " x(1) X(ze™")
13, e~ x(k) X(ze")
14, a*x(k) X(Z‘)
15. ka* x(k) -z%f(i)
16. x(0) lim X(z) if the limit exists
A o
18. | Vx(k) = x(k) — x(k - 1) (1-z"")X(z)
19. | Ax(k) = x(k + 1) = x(k) (z — 1)X(z) - zx(0)
20. on{k} 1—_1—:;-,-xcz)
2. %x{:, a) %}f{:, a)
2. k™ x(k) (uzi)mx(z)
3 x(kTy (T - k1) X(2)¥(2)
Eﬂ x(k) X(1)




Table: z transform of xk+mand xk-m)

Discrete function z Transform
xk+4) £ X(2) - 2 x(0) - 2'x(1) - 22 x(2) — zx(3)
x(k + 3) 22 X(z) — 22x(0) — 22x(1) — zx(2)
x(k +2) £ X(z) = 22 x(0) = z2(1)
x(k + 1) 2X(z) — zx(0)
*(6) X(2)
x(k - 1) X
x(k —2) 2 X(z)
x(k - 3) 27 X(z2)
x(k - 4) 2 X(z)




